Abstract: We establish sufficient conditions for a continuous map of nonzero degree between a closed manifold and a negatively curved closed manifold to be homotopic to a smooth covering map, and in particular a diffeomorphism when the degree is one. When the domain manifold is negatively curved, the conditions can be stated in terms of the sphere maps formed by composition of the geodesic projections and the asymptotic boundary map induced by the original map on the universal covers.
Introduction
A central problem in smooth topology is to determine when a continuous map between two smooth closed manifolds is homotopic to a diffeomorphism. The main purpose of this paper is to give a sufficient criterion of a coarse geometric nature when the target manifold is negatively curved.
When both manifolds are negatively curved the main result roughly states that if the composition of geodesic projections and the asymptotic boundary map of any continuous map f are sufficiently close to being conformal maps between spheres, then f is homotopic to one which is as nice as possible -a smooth cover. Our approach is to exploit and analyze the barycenter construction developed in this generality by Besson Courtois and Gallot (see e.g. [BCG95, BCG96, BCG99] ). As a consequence, the resulting homotopy is fairly explicit.
Let f : M → N be a map between closed Riemannian manifolds (M, g) and (N, g o ). When π 1 (M ) and π 1 (N ) are both Gromov hyperbolic groups, then we can define ∂ ∞ M and ∂ ∞ N respectively to be the Gromov boundaries of π 1 (M ) and π 1 (N ) for their word metrics with respect to any finite set of generators. If f * : π 1 (M ) → π 1 (N ) is virtually an isomorphism (i.e. if f * has finite kernel and finite index image), then by [Gro87] the homomorphism f * : π 1 (M ) → π 1 (N ) induces an f * -equivariant homeomorphism ∂f : ∂ ∞ M → ∂ ∞ N . Since the index [f * π 1 (N ), π 1 (M )] divides deg(f ), it is enough to assume that f has nonzero degree and that ker f * is finite.
The map ∂f has further structure of an analytic nature once we equip ∂ ∞ M and ∂ ∞ N with their respective Gromov metrics. Namely, it is bi-Hölder and quasimöbius (see Section 4). When the metrics g and g o are negatively curved, ∂M and ∂N are topological spheres and it is more natural to equip ∂ ∞ M and ∂ ∞ N with the Gromov boundary metric induced from these metrics instead of the word metrics on π 1 . In this case, there is a canonical family of boundary metrics, biLipschitz to the Gromov boundary metrics, for which the boundary action of all isometries is conformal. However, it is important to note that even when ∂ ∞ M and ∂ ∞ N admit compatible smooth structures, their natural quasiconformal structures usually do not usually belong to the quasiconformal class of the standard conformal structure given by the round metric. This happens already for the rank one symmetric spaces of nonconstant curvature where the Carnot-Carathéodory metrics determine the natural boundary conformal structure.
From now on we will assume that (N, g o ) is negatively curved, and therefore we have projection homeomorphisms π x : S x N → ∂ ∞ N defined by setting π x (v) to be the equivalence class of geodesic ray with initial tangent vector v. This gives rise to the asymptotic holonomy maps π x,y : S x N → S x N defined by π x,y := π −1 y • π x . For example, in real hyperbolic space H n , the π x,y are simply ordinary Möbius maps.
For our first main result we will assume that (M, g) and (N, g o ) are both negatively curved and that f * : π 1 (M ) → π 1 (N ) is a virtual isomorphism so that we have the homeomorphism ∂f . (These assumptions will be removed in Theorem 1.3.) For all x ∈ M and y ∈ N , we can intertwine ∂f with projections to obtain natural maps between tangent spheres Q x,y : S x M → S y N defined by Q x,y = π −1 y •∂f •π x . (Here and henceforth we will always identify S x M with S x M and S y N with S y N .) Henceforth we shall call the Q x,y the asymptotic maps.
The goal of this paper is to obtain a natural condition on the Q x,y that will guarantee that f is homotopic to a diffeomorphism, or a covering map when |deg(f )| > 1. As already indicated, with respect to the Gromov metrics on ∂ ∞ M and ∂ ∞ N , ∂f is always bi-Holder and quasimöbius (and quasisymmetric). So at first glance it may seem natural to assume that a natural condition would be for Q x,y to be quasimöbius with some uniform constraint on constants. However, since the corresponding conformal structure on ∂ ∞ M and ∂ ∞ N will in general be different from the standard one on S x M and S x N , we do not know if Q x,y will even be quasiconformal with respect to the round metrics on S x M and S x N . In fact, it follows from the main result of [Yue96a] , after making a few standard identifications, that if the π x,y are all smooth and uniformly quasiconformal, then N has constant curvature.
Hence we should prefer a condition that only constrains large scale behavior of the Q x,y . This is what we offer: A slightly different set of conditions for smooth rigidity along the same lines is provided in Theorem 5.7 in Section 4. In [Con05] we gave volumetric conditions for smooth rigidity, although those require dimension at least 5. One might also try to interpret the results here as a coarse version of the quasiconformal type boundary conditions for the strong rigidity of negatively and nonpositively curved manifolds we gave in Theorems 1.2-1.5 and 4.3 of [Con03] .
We will also generalize the above result to the case when M is arbitrary, and not assumed to be negatively curved. However since we do not have an asymptotic boundary sphere in this case, we are obligated to work with geodesic spheres. We define the geodesic sphere maps
, where the exponential map is taken on the universal cover of M . Since N is a Hadamard space, for each y ∈ N we have the map proj y :
. We similarly define for each x ∈ M and y ∈ N the
where f is any fixed lift to the universal covers. This is well defined off of the set of points v ∈ S x M such that f (exp x (Rv)) = y. In particular, since f is a map of nonzero degree, for almost every R > 0, the mapQ R x,y is defined on almost all of S x M . The following result will be proved in Section 6. We would like to end the section by mentioning the following surprising result of Farrell and Jones which was our primary inspiration. • There is a C 1 conjugacy ∂h :
Then f is homotopic to a diffeomorphism.
Since compatible C 1 structures at infinity are only known to exist for surfaces and quarter pinched negatively curved manifolds, it was the search for some sort of sufficient coarse condition that led to the results in this paper. I would also like to thank Tom Farrell for his encouragement.
The Natural Barycenter Map
Let (M, g) and (N, g o ) be closed, orientable manifolds and let f : M → N be an arbitrary continuous map with degree denoted by deg(f ).
We begin by recalling the construction of the natural maps Consider the push-forward measure f * µ s x on N , and define a measure σ s x on ∂ ∞ N in the following way. For z ∈ N , let ν z be the "visual" or Patterson-Sullivan measures normalized to be probability measures on ∂ ∞ N (see [BCG95] ), and for
That is, we take σ s x to be convolution of the push-forward measure f * µ s x with the visual measures ν z . Notice that for all s, x, µ s x = σ s x , so the measure σ s x is finite for s > h(g).
For θ ∈ ∂ ∞ N denote by B θ (y) the Busemann function of N (normalized so that B θ (O) = 0 for some fixed origin O ∈ N ) and consider the function on N defined by
This is a proper strictly convex function, hence it has a unique minimum [BCG95] , which we call the barycenter of the measure σ s x and denote by Bar(σ s x ). This construction can be made more general: Given any finite measure λ on N we can define as in (1) 
The following is a collection and restatement of some of the important properties of the natural map due to Besson, Courtois and Gallot [BCG95, BCG98] .
map of nonzero degree and assume that the sectional curvatures of g o are bounded from above by −1. For each s > h(g) and all
is equivariant and induces a continuous homotopy between f and F s .
Remark 2.2. The appropriate version of the above theorem also holds when M or N are not orientable, assuming that f induces an orientation true homomorphism between the fundamental groups.
Derivatives of the Natural Map
The barycenter of σ λ is defined to be the minimum of the C 1 -function B σ λ (·). In particular, Bar(σ λ ) = x if and only if the gradient of B σ λ vanishes at x. This gradient can be computed as follows
where ∇ x B θ is the unit vector in T x N pointing to θ ∈ ∂ ∞ N . Applying this to λ = µ s y , we have σ λ = σ s y and the gradient vanishes at x = F s (y). We denote by r z the function r z (x) = d(x, z). Taking the covariant derivative of the gradient with respect to y, i.e. directions v ∈ T y M , yields
Therefore we have,
where Dd Fs(y) B θ is the Hessian of B θ at the point F s (y). More specifically, it is the self adjoint linear map from
⊥ is the second fundamental form of the horosphere through F s (y) and tangent to θ.
We can rewrite the previous expression more concisely as
For any Hadamard space X, let v x,z represent the unit vector in S x X tangent to the unique geodesic segment γ x,z from x to z ∈ X ∪ ∂X. More generally for any manifold X, the map v x,· : X → S x X makes sense as a Lebesgue measurable function since it is well defined and smooth off of the cut locus of x, a subset of Hausdorff codimension at least 1. (Off of the cut locus we choose γ x,z to be the unique minimizing geodesic.)
(In this case we will necessarily have y = F s (x).)
Proof. Since fory ∈ N we have ∇ y B θ = −v y,θ , the first expression is just the statement that y = F s (x).
Note that on the orthogonal complement of ∇B θ , DdB θ is the second fundamental form of the horosphere at θ in N . Hence it has one dimensional kernel precisely in the direction of ∇ y B θ = −v y,θ , and the other eigenvalues are all bounded away from 0 depending only on the upper curvature bound of N . Since dσ x is supported on all of ∂ ∞ N , there is no common kernel direction so the tensors A and A −1 have no kernel.
Therefore, from the expression of d x F s given above, F s will have a critical direction u if and only if H(u) = 0. Since dr z (u) = v x,z , u x , this yields the second expression. Now suppose for the moment that (M, g) is also negatively curved and that the induced map f * on π 1 has finite kernel. As mentioned in the introduction, [f * π 1 (M ) : π 1 (N )] divides deg(f ) and hence f * is a virtual isomorphism since we will assume deg(f ) = 0. In particular, there is an equivariant homomorphism ∂f :
Under these assumptions on M , the measures σ s x limit to the push forward measures (∂f ) * ν x as s → h(g), where ν x also denotes the Patterson-Sullivan measure on ∂ ∞ M (see [BCG96] ). The two conditions simplify to
These can be rewritten as
For any choice of base point p ∈ N , the general case can be rewritten as
Recall the projection maps π x defined in the introduction. We will slightly abuse notation. For any measure ν on ∂ ∞ N , we also denote the measure (π x ) * ν on S x N by ν as well. Doing this we can write the previous conditions as,
In the case M is also negatively curved, the limit map F := lim s→h F s exists, and the measures σ h x = f * ν x , the push forwards of the Patterson-Sullivan measures. We also have radial projection maps π x :
So in this case, we may express the condition for a critical point as
The maps Q x are natural in the sense that if M and N are the same rank one symmetric space and f is an isometry, then the F = f and Q x is simply the linear isometry d x f restricted to the corresponding unit tangent spheres.
Since linear maps commute with (dominated) vector integrals, if x ∈ M is a critical point for the map F and L :
Post composing with arbitrary linear maps also allows us to capture all of the additional obvious symmetries of the situation that we may exploit. For instance, taking the inner product of the original vector valued integrals with a fixed v 0 ∈ T F (x) N is equivalent to taking L to be the linear projection to the line v 0 R followed by an isometry to R. There are also symmetries of the integrals coming from nonlinear measure preserving transformations, but these are entirely dependent on the measures µ s x that may arise. For our immediate purposes, the point of the above observation is to allow us to work on a single space, namely the (n − 1)-sphere S x M . It will be convenient to establish the following convention. 
Since S + and S − are star convex sets from 0 ∈ T x M , we obtain a contradiction if Q x carries the hemisphere determined by u sufficiently close to any hemisphere of S x M . We will quantify this situation and weaken such conditions to those of the theorems which do not depend on the intrinsic local nature of the construction.
In the case of a general closed manifold M , we will prefer a simpler form of barycenter construction than the one given above, which we will still need and use for the case of a negatively curved M .
We shall relabel σ s x = f * µ s x and then F s (x) will be the unique critical point of the map
where d o is the distance function on N . Since N is a negatively curved Hadamard manifold d 2 o is smooth everywhere, and the implicitly defined F s is C 1 . We can differentiate F s as before to obtain,
where U Fs(x) (z) is the second fundamental form of the geodesic sphere centered at and with radius d (F s (x) , z) evaluated at the point z on the sphere. (For a more detailed account of the derivation of d x F s , using this definition of F s , see Lemma A.1 of [Sam99] .) Since U Fs(x) (z) is positive definite in a negatively curved manifold, the entire first integral is strictly positive definite, and so a critical point occurs if and only if the last integral vanishes.
Using the vector notation v x,z to denote ∇ x d(x, z), we can write this integral condition more simply as,
We can decompose the volume form dvol on M into the induced spherical volume measures, Vol r on the geodesic sphere S(x, r), so that for any measurable set U ⊂ M we have,
We therefore obtain a decomposition of the measure µ s x as
We now let σ s x denote the measure in the class of the Lebesgue measure on
Now let m x denote the standard spherical measure on S x M and dvol r (v) denote the spherical volume element of radius r in the direction of v ∈ S x M . We can then write for any measurable
Using this we can now write the above condition together with the barycenter condition in terms of the maps Q R x as,
This can be expressed even more simply in terms of the integrated maps with non-
Finally, we may set Q x : S x M → S x M, to be the, possibly discontinuous, map
(Similarly we may define J x,y and Q x,y in the obvious way so that Q x = Q x,Fs(x) .) If the measure τ s x is redefined to be the unique measure satisfying τ s x << m x with Radon-Nikodym derivative Similarly, we have ∂f • γ = f * (γ) • ∂f . From these observations it follows that for each x ∈ M , y ∈ N and γ ∈ Γ M we have,
Since the derivatives of isometries are pointwise linear isometries, we see that the Q x,y are determined by those maps where either x lies within a fundamental domain of M or y lies in a fundamental domain of N . It is easy to check that a similar equivariance holds in the more general case for the Q R x,y . Since the range of the map F and the maps F s on a fundamental domain are compact, we have As an immediate consequence of the definitions, for any x, x ∈ M and y, y ∈ N we have
Hence the maps Q x,y are entirely determined by the Q x,y for x in a fundamental domain F M for Γ M and y in a fundamental domain F N for Γ N together with the maps π x,γx (respectively π y,γ y ) where x ∈ F M (resp. y ∈ F N ). Similarly, the Q x,y are determined by any single map Q xo,yo together with all of the asymptotic holonomy maps π x,x and π y,y for x, x ∈ M and y, y ∈ N .
Despite the fact that γ is an isometry and γ acts by Möbius transformations with respect to the natural choice of metric on ∂ ∞ M , one should bear in mind that the maps π x,γx are rarely smooth, let alone Möbius with respect to the standard conformal structure. More specifically, they are in general only 
Quasimöbius and -Möbius Maps
In this section we mainly recall the some aspects of quasiconformal maps and the asymptotic geometry of negatively curved manifolds.
We begin more generally with a general CAT(−1) space X, such as M . The Gromov product is the quantity
In this setting, the product extends continuously to the compactification X = X ∪ ∂ ∞ X. The
Now we define the visual metric at p ∈ X to be
Bourdon ([Bou95] ) showed that this is always an honest metric.
Recall that a map f :
This expression only makes sense for pairwise distinct points x, y, z, w in ∂ ∞ X. It can also be defined in the larger domain X, and it is independent of the choice of p (see [Pau96] 
for all triples x, y, z ∈ X.
Definition 4.2. Given two metric spaces (X, d) and (Y, d ), a homeomorphism f : X → Y is called η-quasimöbius with respect to a homeomorphism
for all quadruples x, y, z, w ∈ X.
In the above two definitions two metrics d and d on X are η-quasisymmetric (resp. η-quasimöbius) if the identity map has corresponding property. Similarly, we say that a map or metric is quasisymmetric (resp. quasimöbius) if it is η-quasisymmetric (resp. η-quasimöbius) for some η. Proof. For each pair a, b ∈ ∂ ∞ X let q be the point on the geodesic [a, b] closest to p. Take x to be the endpoint of the geodesic ray from p to q. Let r be the point on
Consequently we can take λ = e −C−8δ .
Quasimöbius Maps. Definition 4.4. For any k > 0 the term k-quasimöbius (respectively k-quasisymmetric) will mean η-quasimöbius (respectively η-quasisymmetric) for the homeomorphism η(t)
The following result shows that the more restricted notion of k-quasisymmetric or Möbius is equivalent to the more general η-version.
Proposition 4.2 (Tukia and Vaisala [Väi71]). For any homogeneously dense metric space for any η-quasisymmetric (η-quasimöbius) map f there is a k such that f is k-quasisymmetric (k-quasimöbius).
The property of being quasimöbius is the natural analogue on S n of the property of being quasisymmetric n R n . Indeed, if St a : S n \ {a} → R n is the (conformal) stereographic projection from the point a ∈ S n , then f : S n → S n is quasimöbius with respect to the standard round metric if and only if
In fact, we can make this analogy precise for an arbitrary Gromov hyperbolic space X. For x ∈ X and any fixed a ∈ ∂ ∞ X, following [Min07] we define the stereographic projection of d x with respect to a by
When d x is replaced by the round metric, this formula agrees with the formula from elementary Euclidean geometry for the classical stereographic projection. The following establishes the main property of the stereographic projection. In particular quasimöbius maps with respect to d x are quasisymmetric with respect to d x|a for any a ∈ ∂ ∞ X. We now introduce some related definitions for later use.
Definition 4.5. We say that a map g : 
where γ p,a is the geodesic from p to a.
The following result is due to Sullivan in the constant curvature case:
If a ∈ ∂ ∞ X is the endpoint of the geodesic from p passing through γp then there is a C > 1 such that B dp (a, C −1 e −d(p,γp) ) ⊂ O p (γp, 1) ⊂ B dp (a, Ce −d(p,γp) ). Hence the Sullivan Lemma can be restated as saying Corollary 4.5. There exists a constant C > 1 such that for all p ∈ X we have
for all a ∈ X and r ≤ 1
As a consequence, for each p ∈ X, ν p is in the class of the h-dimensional Hausdorff measure H p for the metric d p . Using the fact that Γ acts ν p -ergodically on ∂ ∞ X, it was shown in [Ham89] that for the right choice of metric bilipschitz to d p , the corresponding h-dimensional Hausdorff measure is a constant multiple of ν p . 
Proof.
Suppose not, then we claim that the magnitude of the vector
would be larger than m cos(θ). To see this, first suppose that we allowed π * F (x) (∂f ) * ν x to be any measure at all. Note that since we assumed θ ≤ π 2 , any measure with minimal w must have the property that the intersection of its support with Q x (B) lies on an angular sphere S(u, θ) of radius θ centered at some point u ∈ S F (x) N containing Q x (B), and that it takes equal values on opposing subsets of S(u, θ). In particular we must have diam(Q x (B)) = 2θ. Hence, in any minimal case, we have
On the other hand, in order for F (x) to be the barycenter point, we must have the vector average over a subset of the hemisphere defined by {u : ∠(u, w) < 0} canceling w. However, even if the remaining mass were concentrated at − Proof. where the limit exists by [Mar70] . By [Yue91] this function is smooth and can be expressed as
Hence we can express the gradient as
In other words ∇c(x) = 0 if and only if the barycenter of bar(ν x ) = x. 
Recalling our aforementioned notational convenience, we will allow ν x to also denote the Patterson-Sullivan measure on ∂ ∞ M projected to S x M , namely π −1 x * ν x . After splitting the integral conditions (3) on F into hemispheres and taking the inner product with v + = −v − , they imply
However, the function v, u is monotone on the partition {S t } and
Hence we may compute,
The strictness of the inequalities follow from the fact that the measure ν x is supported on the entire sphere S x M .
Lemma 5.5. In the proof of the previous lemma, the value of t 0 tends to 0 uniformly as ∇ x c(x) tends to 0.
Proof. If ∇c(x) = c(p)
SxM vdν x (v) is 0, then since Q x sends spheres to spheres, it must take every hemisphere to every hemisphere in order for the barycenter condition to be fulfilled. In particular Q x is an isometry since we are already assuming it to be Möbius. Moreover, the size of the smallest neighborhood carried into a hemisphere by Q x is continuous in ∇ x c(x) , uniformly in x. The lemma immediately follows from this.
The natural normalization for the gradient of the Margulis function is
In other words, this is just the ν x vector average. c(x) . By Lemma 5.6 as δ tends to 0, the map Q x becomes -Hausdorff close to an isometry of the sphere, and uniformly in δ.
Consequently, there is a function (δ) increasing to (0) such that whenever < (δ), the difference
from the inequality in the proof of Lemma 5.4 will be positive which produces the desired contradiction.
We can also give alternate hypotheses in Theorem 1.1 which exploit the fact that ∂f is always λ-quasimöbius with respect to the d x metrics. Here the bounds on λ and can be given as a single bound on what (λ − 1) + can be. Note also that the hypotheses do not automatically imply that Q x is δ-Möbius for any δ > 0 on the scale of (λ − 1) + since both the -spherical and λ-qausimöbius conditions only apply to spheres individually and not to the entire map.
Proof. Once again suppose u ∈ ker d x F , and let {S t } denote the partition of S x M by level sets of the function t(v) = v, u .
The maps π −1 y π x are conformal with respect to π * x d x and π * y d y for pairs of points x, y ∈ M or x, y ∈ N . Hence the conditions imply that there is a δ that depends on and λ such that the the spheres S t are sent by Q x into δ-neighborhoods of round spheres. On the other hand since Q x is a homeomorphism, one of these is in the δ-neighborhood of a single hemisphere. The rest of the proof then mimics that of the proof of Theorem 1.1.
The General Case for M
In this section we prove Theorem 1.3. We recall that we are assuming that M is an arbitrary smooth closed manifold and that we had a decomposition of the measure µ s x from Section 3 as
With this notation we can now state, (S(x, r) ) dr tends to ∞ as s → h(g).
Note that
So it is sufficient to show that The lemma now follows easily from the lower bound. Hence for s sufficiently close to h(g), J x is continuous since the Q R x are continuous at each v for all but a measure zero set of values of R. Moreover, after normalizing J x (v) to Q x , it will be at as close to distant from M x as desired, so 2 will do.
Proof of Theorem 1.3. By Lemma 6.2, under the hypotheses of the theorem, we may assume we have chosen s small enough so that Q x is 2 close to a Möbius map which we shall denote M x .
Again we suppose that x ∈ M is a critical point of F s and u ∈ ker d x F s . As in the negatively curved case, we consider first the special case when Q x = M x for all sufficiently large R. Adopting similar notation to the proof of 5.4, we have by assumption for all sufficiently large R, a common unique sphere S t 0 ⊂ S x M which is sent to an equator sphere by M x . Let {v + , v − } be the two (antipodal) unit vectors orthogonal to M x (S t 0 ) and let H + and H − be the hemispheres corresponding to v + and v − respectively. (Here again we assume we have chosen v + such that M x (u) ∈ H + .)
For the case Q x = M x , the conclusion again follows from the same proof as that of Lemma 5.4, using the measure τ s x that M −1
contradicting Conditions (4) on F s .
For the general case if Q x is within 2 of M x , then since the quantity
involves only bounded integrals and continuous maps whose limit as tends to 0 equals M x , it will become positive for sufficiently small, again contradicting Conditions (4). 
